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ABSTRACT 
Ceramic matrix composites offer significant poten- 
tial for improving the performance of turbine engines. 
In order to achieve their potential, however, improve- 
ments in design methodology are needed. In the past 
most components using structural ceramic matrix compos- 
ites were designed by "trial and error" since the 
emphasis on feasibility demonstration minimized the 
development of mathematical models. To understand the 
key parameters controlling response and the mechanics 
of failure, the development of structural failure models 
is required. A review of short term failure models with 
potential for ceramic matrix composite laminates under 
monotonic loads is presented. Phenomenological, semi- 
empirical, shear-lag, fracture mechanics, damage 
mechanics, and statistical models for the fast fracture 
analysis of continuous fiber unidirectional ceramic 
matrix composites under monotonic loads are surveyed. 
INTRODUCTION 
Ceramic matrix composites offer significant poten- 
tial for improving the thrust-to-weight ratio of gas 
turbine engines by enabling higher cycle temperatures 
with the use of refractory, high specific strength mate- 
rial systems. Adding a reinforcing or toughening sec- 
ond phase with optimal interfacial bonding improves 
fracture toughness and decreases the sensitivity of the 
brittle matrix to pre-existing flaws. The reinforcing 
second phase can have a variety of shapes, ranging from 
nearly spherical particles, through whiskers and 
chopped fibers with various length-to-diameter ratios, 
to continuous fibers. Aveston et al. (1971) have 
shown, however, that the addition of continuous small 
diameter fibers reinforce ceramics most efficiently 
since their orientation in the direction of the princi- 
pal load significantly enhances the matrix cracking 
strain. as well as the ultimate load carrying capabil- 
ity of the composite. 
The primary purpose of this increase i n  toughness 
is to allow for a "graceful" rather than catastrophic 
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failure as opposed to an increase in the ultimate 
strength, although in high fiber volume fraction compos- 
ites, that may also occur. Ceramic matrix composites 
retain substantial strength and strain capability beyond 
the initiation of first matrix cracking despite the fact 
that neither of its constituents would exhibit such 
behavior if tested alone. First matrix cracking occurs 
at a strain greater than that in the monolithic ceramic 
alone. As additional load is applied beyond first 
matrix cracking, the matrix will break in a series of 
transverse cracks bridged by reinforcing fibers. Addi- 
tional load is born by the fibers until the ultimate 
strength of the composite is reached. The desired 
design stress limit, however, should be less than the 
matrix cracking stress as cracking allows oxidation of 
the fibers, especially at elevated temperatures, which 
causes increased fiber-matrix bonding and embrittlement 
of the composite. 
In the past, most components using structural 
ceramic matrix composites were designed by "trial and 
error." since the emphasis was on feasibility demonstra- 
tion rather than on fully understanding the parameters 
controlling behavior. In addition, the continuous 
change and development of these material systems and 
the lack o f  standardized design data minimized the 
emphasis on mathematical modeling. To gain insight into 
the mechanisms of failure, and t o  understand the parame- 
ters controlling response the development of structural 
failure models is required. 
The objective of this survey is to investigate 
appropriate failure models which may be applicable to 
the fast fracture analysis of continuous fiber unidirec- 
tional ceramic matrix composite lamina under monotonic 
loading, both for first matrix cracking and ultimate 
strength. Much of this methodology has been adapted 
from existing polymer matrix composites technology. 
Phenomenological, semi-empirical, shear-lag, fracture 
mechanics, damage mechanics and statistical models are 
surveyed. Though semi-empirical models apply to multi- 
directional laminates they are included here for com- 
pleteness. The emphasis is not on evaluating the models 
in detail; more complete surveys are available else- 
where. Rather the ability of the models to predict the 
fast fracture of ceramic matrix composites is discussed. 
Future work will selectively implement these models 
and others to be developed into an integrated composite 
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design code for the reliability analysis of ceramic 
matrix composites for use by industry in designing heat 
engine components. Because a general purpose code is 
desired, failure criteria applicable to unidirectional 
lamina are preferred. Laminate failure criteria would 
require the characterization of each laminate configura- 
tion under consideration. Classical lamination theory 
can be used to determine the failure of the laminate 
from the failure of the individual lamina. The authors 
are aware (Labossiere and Neale. 1987) that variation 
of the stacking sequence will affect the strength of a 
laminate, while classical lamination theory predicts the 
same strength if the layers in a symmetric laminate are 
rearranged into another symmetric laminate. This issue 
will also be addressed in the future. 
PHENOMENOLOGICAL FAILURE CRITERIA 
A number of theories exist to predict the failure 
of homogeneous isotropic materials under general states 
o f  stress using the material properties obtained from 
simple uniaxial tension, compression and shear tests. 
Generalizations of these criteria for homogeneous, is02 
tropic materials have been proposed as failure criteria 
for fiber reinforced composites that are anisotropic and 
inhomogeneous. These phenomenological criteria are the 
most familiar to design engineers. Consequently, models 
such as maximum stress, maximum strain, Azzi-Tsai (Azzi 
and Tsai, 1965). and Tsai-Wu (Tsai and Wu, 1971) are 
currently the most frequently used in industry to design 
polymer matrix composite components according to a user 
survey by Burk (1983)  and Soni ( 1 9 8 3 ) .  
Two excellent reviews of phenomenological failure 
criteria are by Nahas (1986) and Labossiere and Neale 
(1987). Other surveys of phenomenological anisotropic 
failure theories exist (Sandhu, 1972; Bert et al., 1969; 
Kaminski and Lantz, 1969; Sendeckyj, 1972; Vicario and 
Toland, 1975; Rowlands, 1975; Tsai, 1984; Snell, 1978). 
Nahas, in his review, classifies failure criteria into 
four categories: direct laminate criteria, limit crite- 
ria, interaction criteria and tensor polynomial crite- 
ria. In the direct laminate approach the failure 
criterion is applied to the entire laminate which i s  
considered homogeneous but anisotropic. This requires 
the strength characterization of each laminate under 
consideration; thus, these criteria are not amenable to 
a general purpose code as discussed earlier and are not 
considered further. 
In the ply-by-ply approach, which the other three 
categories fall into, the lamina is considered to be 
homogeneous and orthotropic. Lamination theory is used 
to find the stresses in each lamina and these stresses 
are transformed to the lamina principal material axes 
before the failure criteria are applied. The direction 
of the principal stresses or strains have no signifi- 
cance for isotropic materials. However, strength varies 
with direction in composites, and generally the direc- 
tion of maximum strength does not necessarily coincide 
with the direction of principal stress. Thus, the high- 
est stress may not be the stress governing the design 
and a comparison of the actual stress field with the 
allowable stress field is required. The allowable 
stress field for a unidirectional composite is given by 
the strengths in the principal material direction. They 
are the longitudinal tensile strength, longitudinal com- 
pressive strength, transverse tensile strength, trans- 
verse compressive strength, and in-plane shear strength. 
Limit criteria, the first category in the ply-by- 
ply approach, assume that failure occurs when the stress 
in one of the principal material directions exceeds the 
allowable value. The maximum stress criterion and the 
maximum strain criterion are examples of limit criteria, 
that is 
Maximum stress 
Maximum strain 
(1) 
where u and T are the stresses, E and y are the 
strains, X ,  Y and S are the longitudinal, transverse 
and shear strengths, prime ( I )  denotes compressive 
strength, subscripts 1 and 2 denote longitudinal and 
transverse directions and U is the ultimate strength 
or strain. 
and Prager (1969) suggested additional variations of 
the maximum stress Criterion. Hu (1985). Wasti (1970), 
and Lance and Robinson (1971) have proposed generaliza- 
tions of Tresca's maximum shear stress criterion for 
anisotropic materials. 
Hill (1948) proposed an interactive criterion by 
generalizing the Von Mises Hencky maximum distortional 
energy theory to include anisotropy in metals such as 
cold rolled steel. It is assumed that the yield condi- 
tion is a quadratic function of the stress components, 
Stowell and Liu (1961), Kelly and Davies (1965), 
+ 2Lr23  + 2 + 2Nr12 2 = 1 
where F;G, H, L. M, and N are material coeffic ents 
characteristic of the state of anisotropy, and the sub- 
scripts i and j refer to the material axes. L near 
terms were not included since it was assumed that here 
is no Bauschinger effect. Hill showed that the materia 
coefficients are functions of  the material characteris- 
tic strengths, and that for plane stress the criterion 
reduces to 
Azzi and Tsai (1965) suggested that Hi 
rion be modified for composites by assuming 
material is transversely isotropic and sett 
This criterion is also referred to as the T 
1 ' s  crite- 
that the 
ng Y = 2 .  
1 .  ( 4 )  
ai-Hill or 
maximum work criterion. 
Hoffman (1967) modified Hill's criterion to take 
into account the differences between tensile and com- 
pressive strengths. Other interactive criteria similar 
to Azzi-Tsai have been proposed by Marin (1957). 
Franklin (1968), Norris and McKinnon (1946). Yamada and 
Sun (1978), Fischer (1967), Chamis (1969). and Griffith 
and Baldwin (1962). for various reasons they are not as 
widely used or accepted. 
In the 1960's, the use of tensor polynomial crite- 
ria was motivated by the idea that the failure envelopes 
of fiber reinforced materials should be invariant with 
respect to the choice of material axes. With that in 
mind Gol'denblat and Kopnov (1966) proposed the first 
tensor polynomial criterion for anisotropic materials, 
that is 
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i , j  = 1.6 ( 5 )  
where t h e  F ' s  d e n o t e  s t r e n g t h  t e n s o r s  o f  v a r i o u s  
o r d e r s  and K ,  X and p a r e  e x p e r i m e n t a l l y  d e t e r m i n e d  
c o n s t a n t s .  
T s a i  and Wu (1971)  l a t e r  p r o p o s e d  a s i m i l a r  c r i t e -  
r ion ,  t h a t  i s  
f(u) = F . ~ .  1 1  t F . . u . ~  i j i j  = 1 i , j  = 1 , 6  ( 6 )  
To e n s u r e  t h a t  t h e  f a i l u r e  c r i t e r i o n  i s  p h y s i c a l l y  mean- 
i n g f u l ,  o r  t h a t  t h e  f a i l u r e  s u r f a c e  i s  c l o s e d ,  t h e  
s t a b i l i t y  c r i t e r i o n ,  F i i F j j  - F i j  > 0 (no summat ion) ,  
mus t  be s a t i s f i e d .  Under  p l a n e  s t r e s s  c o n d i t i o n s  t h e  
c r i t e r i o n  r e d u c e s  t o  
F u t F u t F 6 r 1 2  + Fllul + F22u2 t 2 F  u u 
2 
2 2 
1 1  2 2  12 1 2 
w h i c h  i s  t h e  H i l l  c r i t e r i o n  w i t h  t h e  a d d i t i o n  of  l i n e a r  
t e r m s .  The m a i n  d i s a d v a n t a g e  o f  t h e  Tsai-Wu c r i t e r i o n  
i s  t h a t  F12 i s  d e t e r m i n e d  from d i f f i c u l t  b i a x i a l  
t e s t s .  T h i s  t h e o r y  has n o t  been as w i d e l y  a c c e p t e d  
because o f  d i s a g r e e m e n t s  o v e r  t h e  e x p e r i m e n t a l  methods 
t o  d e t e r m i n e  F12. A c c o r d i n g  t o  Narayanaswami and 
Adelman ( 1 9 7 7 ) .  i n  t h e  o f f - a x i s  t e s t s  o f  four  d i f f e r e n t  
f i b e r  o r i e n t a t i o n s ,  i t  was f o u n d  t h a t  o n l y  one  v a l u e  
s a t i s f i e d  t h e  n e c e s s a r y  s t a b i l i t y  c r i t e r i o n .  
r i a  a r e  a d e g e n e r a t e  case  o f  t h e  Tsai-Wu c r i t e r i o n .  
Ashkenazz i  ( 1 9 6 6 ) ,  M a l m e i s t e r  ( 1 9 6 7 ) ,  and  Huang and 
K i r m s e r  (1975)  have a l s o  p r o p o s e d  t e n s o r  p o l y n o m i a l  
f a i l u r e  c r i t e r i a ,  however ,  t h e y  have  o n l y  been used  i n  
s p e c i a l  cases  w h i c h  r e d u c e  them t o  t h e  Tsai-Wu t h e o r y .  
Wu (1974)  c l a i m s  t h a t  m o s t  p h e n o m e n o l o g i c a l  c r i t e -  
SEMI-EMPIRICAL FAILURE CRITERIA 
I t  i s  n a t u r a l  t o  a t t e m p t  t o  a p p l y  l i n e a r  e l a s t i c  
f r a c t u r e  mechan ics  (LEFM) t o  t e n s i o n  l o a d e d  c o m p o s i t e s  
w i t h  c r a c k - l i k e  d e f e c t s ,  however ,  a c c o r d i n g  t o  Mu (1968)  
LEFM i s  v a l i d  o n l y  i f :  
( 1 )  The o r i e n t a t i o n  o f  t h e  f l a w s  w i t h  r e s p e c t  to  
t h e  p r i n c i p a l  axes  of symmetry  i s  f i x e d .  
( 2 )  The s t r e s s  i n t e n s i t y  f a c t o r  d e f i n e d  fo r  a n i s o -  
t r o p i c  cases  i s  c o n s i s t e n t  w i t h  t h e  i s o t r o p i c  case  i n  
s t r e s s  d i s t r i b u t i o n  and i n  c r a c k  d i s p l a c e m e n t  modes; and 
( 3 )  The c r i t i c a l  o r i e n t a t i o n  c o i n c i d e s  w i t h  one o f  
t h e  p r i n c i p a l  d i r e c t i o n s  o f  e l a s t i c  symmetry .  
I n  g e n e r a l ,  however ,  s i g n i f i c a n t  amounts o f  damage 
g r o w t h  a t  t h e  c r a c k  t i p  p r e c e d e  f r a c t u r e  i n  a c o m p o s i t e  
and  s e l f - s i m i l a r  c r a c k  g r o w t h  i s  n o t  l i k e l y  t o  o c c u r ,  
even  for u n i d i r e c t i o n a l  l a m i n a t e s .  
To a p p l y  p r i n c i p l e s  o f  LEFM to  c o m p o s i t e s ,  t h e  
p r e v i o u s l y  p r o p o s e d  f r a c t u r e  t h e o r i e s  o f  Waddoups e t  a l .  
(1971) ,  C r u s e  (1973) ,  W h i t n e y  and  Nu ismer  ( 1 9 7 4 ) ,  and 
Nu ismer  and  W h i t n e y  (1975)  d i d  n o t  c o n s i d e r  t h i s  complex 
p a t t e r n  of c r a c k  t i p  damage. 
mode led  as a n  " i n t e n s e  e n e r g y "  r e g i o n  t h a t  was assumed 
t o  grow i n  a s e l f - s i m i l a r  manner .  
t i o n s  f r a c t u r e  mechan ics  mode ls  d e v e l o p e d  for  i s o t r o p i c  
m a t e r i a l s  were g e n e r a l i z e d  for c o m p o s i t e s .  
Waddoups, E isenmann,  and K a m i n s k i  (WEK)(1971), one  f o r  
l a m i n a t e s  c o n t a i n i n g  c i r c u l a r  h o l e s  and  one  f o r  l a m i -  
n a t e s  c o n t a i n i n g  s t r a i g h t  c r a c k s .  F o r  c i r c u l a r  h o l e s ,  
t h e  WEK model  assumes t h a t  r e g i o n s  o f  i n t e n s e  e n e r g y  o f  
I n s t e a d  t h e  damage was 
W i t h  t h e s e  assump- 
C o n s i d e r  t h e  two f r a c t u r e  mode ls  p r o p o s e d  b y  
l e n g t h  " a "  t r a n s v e r s e  t o  t h e  l o a d i n g  d i r e c t i o n  a r e  deve-  
l o p e d  a t  t h e  edge of t h e  h o l e ,  as  shown i n  F i g .  1 .  From 
Bowie (1956)  and  P a r i s  and S i h  (1965)  t h e y  s o l v e  fo r  t h e  
o p e n i n g  mode s t r e s s  i n t e n s i t y  f a c t o r ,  KI 
KI = u i p  f(i) 
where 
t e r i s t  
i s  t h e  
found 
s t r e n g  
R 
c l e n g t h  o f  t h e  i n t e n s e  e n e r g y  r e g i o n ,  and 
r e m o t e  a p p l i e d  s t r e s s .  V a l u e s  o f  f ( a / R )  can be 
n P a r i s  a n d  S i h  ( 1 9 6 5 ) .  
h o f  t h e  c o m p o s i t e  l a m i n a t e ,  uN, from Eq. ( 8 )  i s  
i s  t h e  r a d i u s  o f  t h e  h o l e ,  a i s  t h e  c h a r a i -  
A t  f a i l u r e  t h e  n o t c h e d  
uN 
m K I C  
ON = a a  f ( a / R )  
( 9 )  
where KIC i s  t h e  c o m p o s i t e  c r i t i c a l  s t r e s s  i n t e n s i t y  
f a c t o r  or t o u g h n e s s .  F o r  an u n n o t c h e d  specimen,  t h a t  
i s  fo r  a c o m p o s i t e  w i t h  n o  h o l e ,  
uo = U N l a ' "  m - K I C  ( 1 0 )  
Comb in ing  Eqs. ( 9 )  and ( l o ) ,  t h e  n o t c h e d  s t r e n g t h  o f  t h e  
c o m p o s i t e  l a m i n a t e  i s  
m uO 
ON = fo ( 1 1 )  
The WEK f r a c t u r e  model f o r  s t r a i g h t  c r a c k s  assumes 
t h a t  t h e  h a l f - c r a c k  l e n g t h ,  c ,  i s  e x t e n d e d  b y  t h e  damage 
zone,  a. T h i s  r e s u l t s  i n  a n  e f f e c t i v e  h a l f - c r a c k  l e n g t h  
o f  ( c  t a ) ,  s i m i l a r  t o  I r w i n ' s  p l a s t i c  zone c o r r e c t i o n  
f a c t o r  fo r  i s o t r o p i c  m a t e r i a l s .  
o f  t h e  n o t c h e d  c o m p o s i t e  l a m i n a t e  i s  
ON = .o= 
posed b y  W h i t n e y  and Nu ismer  ( 1 9 7 4 ) ,  Nu ismer  and W h i t n e y  
(1975) .  K a r l a k  ( 1 9 7 7 ) ,  P i p e s  e t  a l .  ( 1 9 7 9 ) ,  P i p e s  e t  a l .  
( 1 9 8 0 ) ,  Mar and  L i n  ( 1 9 7 7 ) ,  Poe and  Sova ( 1 9 8 0 ) ,  Tan 
(1987) ,  and Zhen ( 1 9 8 3 ) .  A comprehens ive  r e v i e w  i s  
g i v e n  b y  Awerbuch and Madhukar  ( 1 9 8 5 ) .  
d i s c u s s i o n s  o f  s e m i - e m p i r i c a l  mode ls  a r e  g i v e n  b y  
K a n n i n e n  e t  a l .  ( 1 9 7 7 ) ,  and K a n n i n e n  and P o p e l a r  ( 1 9 8 5 ) .  
The r e s u l t i n g  s t r e n g t h  
( 1 2 )  
m 
O t h e r  s i m i l a r  s e m i - e m p i r i c a l  mode ls  h a v e  been  p r o -  
Two e x c e l l e n t  
SHEAR-LAG FAILURE CRITERIA 
Hedgepeth ( 1 9 6 1 )  was t h e  f i r s t  t o  a p p l y  s h e a r - l a g  
mode ls  t o  u n i d i r e c t i o n a l  c o m p o s i t e s .  The s h e a r - l a g  
mode ls  assume t h a t  t h e  l o a d  i s  t r a n s f e r r e d  from b r o k e n  
f i b e r s  t o  a d j a c e n t  f i b e r s  b y  t h e  m a t r i x  s h e a r  f o r c e s  
w h i c h  a r e  assumed t o  b e  i n d e p e n d e n t  o f  t h e  t r a n s v e r s e  
d i s p l a c e m e n t s .  T h i s  u n c o u p l e s  t h e  l o n g i t u d i n a l  e q u i l i b -  
r i u m  e q u a t i o n s  from t h o s e  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
As shown i n  F i g .  2 .  H e d g e p e t h ' s  model c o n s i s t s  of 
a s h e e t  o f  p a r a l l e l  f i l a m e n t s  w h i c h  c a r r y  a x i a l  l o a d s  
only i n  a m a t r i x  w h i c h  c a r r i e s  o n l y  s h e a r .  E q u i l i b r i u m  
o f  an e l e m e n t  o f  t h e  n t h  f i l a m e n t ,  for  t h e  s t a t i c  case ,  
r e q u i r e s  t h a t  
d p n ( x )  
d x  + s n ( x )  - sn-l(x) 5 0 (13)  
where  p n ( x )  i s  t h e  l o a d  i n  t h e  n t h  f i l a m e n t  and 
i s  t h e  m a t r i x  s h e a r  f o r c e  p e r  u n i t  l e n g t h  be tween  t h e  
n t h  and ( n  + l ) th  f i l a m e n t s .  
ment  i s  
Sn(X) 
The f o r c e  i n  t h e  n t h  f i l a -  
3 
dun(x )  
dx pn (x )  = EA -
where EA i s  t h e  e x t e n s i o n a l  s t i f f n e s s  and  Un(X) 
t h e  d i s p l a c e m e n t  o f  t h e  n t h  f i l a m e n t  i n  t h e  a x i a l  d 
t i o n .  The shear  f o r c e  p e r  u n i t  l e n g t h  can be c a l c u  
from 
s ( x )  = -(u Gh 
n d n + l  - 'n) 
( 1 4 )  
S 
r e c -  
a t e d  
( 1 5 )  
where G i s  t h e  m a t r i x  shear  modulus,  h i s  t h e  e f f e c -  
t i v e  t h i c k n e s s  o f  t h e  m a t r i x ,  and d i s  t h e  c e n t e r l i n e  
s p a c i n g  between t h e  f i l a m e n t s .  E q u a t i o n  ( 1 5 )  i s  t h e  
s h e a r - l a g  a s s u m p t i o n  w h i c h  assumes t h a t  t h e  shear  f o r c e  
i s  a f u n c t i o n  o f  t h e  a x i a l  d i s p l a c e m e n t s  o n l y .  
r e s u l t s  i n  
S u b s t i t u t i o n  o f  Eqs.  ( 1 4 )  and ( 1 5 )  i n t o  Eq. ( 1 3 )  
A p p l y i r g  t h e  boundary  c o n d i t i o n s  f o r  " n "  b r o k e n  f i b e r s ;  
Hedgepeth s o l v e d  fo r  t h e  s t r e s s  c o n c e n t r a t i o n  i n  t h e  
f i r s t  bnb roken  f i b e r  as  a f u n c t i o n  o f  t h e  number o f  b r o -  
ken  f i b e r s .  
s i s  t o  c o n s i d e r  t h r e e - d i m e n s i o n a l  f i b e r  a r r a y s  and  an 
e l a s t i c - p e r f e c t l y  p l a s t i c  m a t r i x .  E r i n g e n  and K i m  
(1974)  f u r t h e r  g e n e r a l i z e d  H e d g e p e t h ' s  model  t o  i n c l u d e  
t r a n s v e r s e  l o a d s  i n  t h e  m a t r i x .  B o t h  o f  t h e s e  m o d e l s ,  
however ,  only d e t e r m i n e d  s t r e s s  c o n c e n t r a t i o n s  i n  u n b r o -  
k e n  f i b e r s .  Goree and Gross (1979)  i n v e s t i g a t e d  t h e  
b e h a v i o r  due t o  b r o k e n  f i b e r s  and m a t r i x  damage i n  t h e  
form o f  l o n g i t u d i n a l  y i e l d i n g  and m a t r i x  s p l i t t i n g ,  as 
shown i n  F i g .  3 .  A f a i l u r e  c r i t e r i o n  f o r  t h e  m a t r i x  due 
t o  shear  a l o n e  was assumed i n  a t t e m p t i n g  t o  p r e d i c t  t h e  
c h a r a c t e r i s t i c  s t r e n g t h  and f r a c t u r e  p r o p e r t i e s  o f  u n i -  
d i r e c t i o n a l  c o m p o s i t e  l a m i n a .  F u r t h e r  mode ls  b y  D h a r a n i  
e t  a l .  (1983) .  and Kaw and Goree (1985)  c o n s i d e r e d  o t h e r  
forms o f  damage. 
FRACTURE MECHANICS FAILURE CRITERIA FOR FIRST MATRIX 
CRACKING 
Hedgepeth and Van Dyke (1967)  e x t e n d e d  t h e  a n a l y -  
A c c o r d i n g  t o  A v e s t o n ,  Cooper ,  and K e l l y  (ACK) 
( 1 9 7 1 ) ,  i f  t h e  f i b e r s  have a h i g h e r  f a i l u r e  s t r a i n  t h a n  
t h e  m a t r i x ,  m u l t i p l e  f r a c t u r e  o f  t h e  m a t r i x  w i l l  o c c u r  
i f  
O f u V f  > umuVm + O b V f  ( 1 7 )  
where V f  and Vm a r e  t h e  f i b e r  and m a t r i x  vo lume 
f r a c t i o n s ,  ofu and Omu a r e  t h e  u l t i m a t e  s t r e n g t h  o f  
t h e  f i b e r  and m a t r i x  and U' i s  t h e  s t r e s s  o n  t h e  
f i b e r s  r e q u i r e d  t o  p r o d u c e  h s t r a i n  e q u a l  t o  t h e  f a i l -  
u r e  s t r a i n  o f  t h e  m a t r i x .  M o s t  c e r a m i c  m a t r i x  compos- 
i t e s  e x h i b i t  such m u l t i p l e  m a t r i x  c r a c k i n g  b e h a v i o r  
where a c r a c k  p r o p a g a t e s  t h r o u g h  t h e  m a t r i x  and i s  
b r i d g e d  b y  r e i n f o r c i n g  f i b e r s .  ACK assumed t h a t  t h e  
r e q u i r e m e n t s  n e c e s s a r y  fo r  t h e  f o r m a t i o n  o f  such a 
m a t r i x  c r a c k  a r e  t h a t  t h e  s t r e s s  i n  t h e  m a t r i x  m u s t  be 
equa l  t o  t h e  m a t r i x  b r e a k i n g  s t r e s s ,  and t h a t  t h e  t o t a l  
e n e r g y  o f  t h e  specimen and t h e  l o a d i n g  s y s t e m  m u s t  
d e c r e a s e  as a r e s u l t  o f  c r a c k  f o r m a t i o n .  
The e n e r g y  changes c o n s i d e r e d  b y  ACK when a m a t r i x  
c r a c k  i s  f o r m e d  a r e :  AW, t h e  work done b y  t h e  a p p l i e d  
s t r e s s ;  ydb,  t h e  work done i n  b r e a k i n g  t h e  f i b e r - m a t r i x  
i n t e r f a c i a l  bond;  AUm, t h e  d e c r e a s e  i n  t h e  m a t r i x  s t r a i n  
e n e r g y ;  AUf, t h e  i n c r e a s e  i n  f i b e r  s t r a i n  e n e r g y ;  and 
U s .  t h e  work done a g a i n s t  f r i c t i o n a l  f o r c e s  as  t h e  f i b e r  
moves r e l a t i v e  t o  t h e  m a t r i x .  The c o n d i t i o n  fo r  t h e  
f o r m a t i o n  o f  a c r a c k  t h e n  i s  
2y V + ydb + Us + AUf AW + AUm m m  ( 1 8 )  
where Ym i s  t h e  f r a c t u r e  s u r f a c e  work i n  f o r m i n g  a 
m a t r i x  c r a c k .  The e n e r g y  te rms  can be c a l c u l a t e d  from 
AN = EfEmVmcmu 3 a r ( 1  + a) 
2r S 
AUf = E f  E,V,E~, 3 a r ( 1  + a / 3 )  
*TS 
3 ar(1 + a )  
us  5: EfEmVmEmu 6 r S  
5 I 
Ydb = 2umuvm r S 
( 1 9 )  
where Ef and Em a r e  Y o u n g ' s  modulus fo r  t h e  f i b e r  
and m a t r i x ,  emu i s  t h e  f a i l u r e  s t r a i n  o f  t h e  m a t r i x ,  
'cS i s  t h e  f i b e r - m a t r i x  i n t e r f a c i a l  shear  s t r e n g t h ,  
GI i s  t h e  e n e r g y  p e r  u n i t  a r e a  r e q u i r e d  t o  debond t h e  
f i b e r  from t h e  m a t r i x ,  r i s  t h e  f i b e r  r a d i u s ,  and 
a = EmVm/EfVf. F o r  a p u r e l y  f r i c t i o n a l  bond ydb  
e q u a l s  z e r o  and  t h e  c r i t i c a l  m a t r i x  c r a c k i n g  s t r a i n  can 
be e x p r e s s e d  as 
( 2 0 )  
where E, i s  Y o u n g ' s  modu lus  o f  t h e  c o m p o s i t e .  Aves ton  
and K e l l y  (AK) ( 1 9 7 5 )  l a t e r  e x t e n d e d  t h e  a n a l y s i s  to  
i n c l u d e  an e l a s t i c a l l y  bonded i n t e r f a c e  and an i n i t i a l l y  
bonded,  d e b o n d i n g  i n t e r f a c e ,  w h i c h  a r e  shown i n  F i g .  4 
a l o n g  w i t h  t h e  unbonded,  s l i p p i n g  f i b e r s  c a s e .  
c r a c k  p r o p a g a t i o n ,  w h i l e  B u d i a n s k y ,  H u t c h i s o n  and Evans 
(BHE) (1986)  c o n s i d e r e d  t h e  case  of s t e a d y  s t a t e  c r a c k -  
i n g  w h i c h  assumes t h a t  t h e  s t r e s s  n e c e s s a r y  t o  p r o p a g a t e  
a c r a c k  l a r g e r  t h a n  some c h a r a c t e r i s t i c  d i m e n s i o n  i s  
c o n s t a n t .  The a s s u m p t i o n  o f  s t e a d y - s t a t e  c r a c k i n g  
i m p l i e s  t h a t  t h e  s t r e s s  a t  t h e  c r a c k  t i p  r e m a i n s  
unchanged d u r i n g  c r a c k  g r o w t h  and a l s o  t h a t  t h e  u p s t r e a m  
and downs t ream s t r e s s e s ,  f a r  ahead o f  and b e h i n d  t h e  
c r a c k ,  d o  n o t  change .  
BHE c o n s i d e r e d  a body  i n  t h r e e  d i f f e r e n t  s t a t e s  
w h i c h  a r e  shown i n  F i g .  5 .  I n  s t a t e  (0) t h e  body  has 
n o  e x t e r n a l  a p p l i e d  l o a d s  b u t  c o n t a i n s  an i n i t i a l  
s t r e s s  d i s t r i b u t i o n ,  00. I n  s t a t e  ( l ) ,  w i t h  an e x t e r -  
n a l  a p p l i e d  l o a d  T, t h e  i n t e r n a l  s t r e s s  d i s t r i b u t i o n  
becomes 01 and a d d i t i o n a l  s t r a i n s .  E ]  a r e  p roduced .  
O b v i o u s l y ,  t h e s e  s u b s c r i p t s  d o  n o t  c o r r e s p o n d  to  t h e  
p r e v i o u s l y  i n t r o d u c e d  m a t e r i a l  axes  d i r e c t i o n s .  Open 
c r a c k s  as w e l l  as i n t e r n a l  s u r f a c e s  i n  w h i c h  s l i d i n g  
has o c c u r r e d  may e x i s t .  I n  s t a t e  ( 2 )  a d d i t i o n a l  c r a c k -  
i n g  and f r i c t i o n a l  s l i d i n g  has o c c u r r e d  w i t h  n o  change 
i n  T. The s t r e s s e s  and s t r a i n s  a r e  02 and ~ 2 ,  
r e s p e c t i v e l y .  The l o s s  i n  p o t e n t i a l  e n e r g y  i n  g o i n g  
from s t a t e  ( 1 )  t o  s t a t e  ( 2 )  may be w r i t t e n  as  
ACK l o o k e d  a t  t h e  e n e r g y  s t a t e s  b e f o r e  and a f t e r  
where nl and  n 2  a r e  t h e  p o t e n t i a l  e n e r g i e s  i n  
s t a t e s  ( 1 )  and  ( 2 )  and €,f i s  t h e  f r i c t i o n a l  e n e r g y  
4 
If no slipping occurs, Fig. 4(a). or if the fibers 
are slipping but frictionally constrained, Fig. 4(b), 
the potential energy release rate per unit crack exten- 
sion per unit thickness is 
( 2 2 )  
where Pu 'and Pd are the upstream and downstream 
potential energies per unit cross sectional area of com- 
posite crack extension, uU, E,,, Ud, and Cd are the 
upstream and downstream stress and strain distributions 
and A, is the representative cross section of the com- 
posite crack extension. The frictional energy dissipa- 
tion rate associated with fiber-matrix slip is acf/as. 
BHE assume that the energy release rate, Pu - Pd, 
must be balanced by the sum of the frictional energy 
dissipation rate and the critical matrix crack extension 
energy release rate, VmGm, where Gm is the critical ' 
matrix energy release rate. Thus, 
,L n 
In the case of initially bonded, debonding fibers a 
term for the debonding energy release rate is included 
in the materials resistance to crack growth, 
- 1 A \:' \Ac(uu - ud):(cU - cd)dA dz 
2 c  
= V m m  G + 4Vf(>)Gd (24) 
where ld is the debond length, r is the fiber radius 
and Gd is the critical debonding energy release rate. 
mixtures relationship, 
The upstream stresses are given by the rule-of- 
where U{ and 0; are the initial residual axial 
fiber and matrix stresses in the unloaded composite, 
and u is the average applied stress. The downstream 
stresses are determined from a shear-lag analysis of a 
composite cylinder. Substitution of the upstream and 
downstream stresses into Eqs. (23) and (24) results in 
the matrix cracking condition. For unbonded friction- 
ally constrained fibers the matrix cracking stress, 
Ocr. is 
(26) 
where r is the fiber radius and p is defined in BHE 
as a function of constituent properties. The matrix 
cracking stress for unbonded slipping fibers is 
where T~ is the fiber-matrix interfacial shear stress. 
Equations (26) and (27) are identical to the AK/ACK 
results except for the initial matrix stresses. BHE 
also derive a parametric relationship for the results 
between the no-slip and large slip cases, and the 
matrix cracking stress for the case of initially bonded, 
debonding fibers. These cases were not considered by 
AK/ACK. 
steady state cracking differently, distinguishing 
between large and small cracks, as shown in Fig. 6. 
Large cracks asymptotically approach the equilibrium 
separation, uo. of the completely failed matrix bridged 
by reinforcing fibers. This equilibrium separation 
occurs a characteristic dimension, co, from the crack 
tip. Beyond this characteristic distance the net force 
in the fibers that bridge the crack exactly balances 
the applied force and the stress needed to extend the 
crack is independent of the crack length. Crack growth 
in this region is defined by MCE as steady state growth. 
On the other hand, for short cracks the entire crack 
contributes to the stress concentration, and the stress 
required to propagate a crack is sensitive to crack 
length. 
Unlike BHE, MCE consider unbonded. frictionally 
constrained fibers only. The matrix cracking stress is 
evaluated using a stress intensity approach. The fibers 
and matrix are assumed to be cut. as shown in Fig. 7(a), 
and traction forces, T, are applied to the ends of the 
fibers so that they are rejoined. The crack surfaces 
are regarded as being subjected to a net opening pres- 
sure [u, - p(x)l where U, is the applied load and 
p(x) is the distribution of closure pressure on the 
crack surfaces defined as 
Marshall, Cox, and Evans (MCE) (1985) defined 
P(X) = T(x)Vf (28) 
where x represents the position on the crack surface, 
as shown in Fig. 7(b). Therefore, MCE introduce the 
composite stress intensity factor 
( 2 9 )  
for a straight crack or 
"1 - 
(30) 
for a penny shaped crack, where c is the crack length 
and X = xlc. MCE assume that the critical matrix 
stress intensity factor is related to the composite 
stress intensity factor by 
L 
m KcEm 
C Ec 
K I- (31) 
The steady-state matrix cracking stress is obtained by 
evaluating Eqs. ( 2 9 )  or (30) and ( 3 1 )  and setting 
5 
urn = uC-: 
one  o b t a i n s  
A f t e r  p e r f o r m i n g  t h e  i n d i c a t e d  o p e r a t i o n s  
where v i s  P o i s s o n ' s  r a t i o ,  T~ i s  t h e  f i b e r - m a t r i x  
i n t e r f a c i a l  shear  s t r e s s ,  q = E fV f /EmVm,  r i s  t h e  
f i b e r  r a d i u s  and 6 '  i s  a d i m e n s i o n l e s s  c o n s t a n t .  The 
r e s u l t s  a r e  e q u i v a l e n t  t o  t h o s e  for t h e  l a r g e  s l i p  case 
o f  ACK where 6 '  = 1.83 from an MCE a n a l y s i s  and 
6 = 6 l I 3  f rom an ACK a n a l y s i s .  
I n  subsequen t  p a p e r s  M a r s h a l l  and Cox ( 1 9 8 7 )  g e n e r -  
a l i z e d  t h e  a n a l y s i s  to  i n c l u d e  f i b e r  f a i l u r e  i n  t h e  wake 
o f  t h e  c r a c k ,  as shown i n  F i g .  8 ( a ) .  I n  t h e i r  model t h e  
f i b e r s  were assumed t o  have a s i n g l e d  v a l u e  
I n  a n o t h e r  m o d e l ,  T h o u l e s s  and Evans ( 1 9 8 8 )  assumed a 
s t a t i s t i c a l  v a r i a t i o n  i n  t h e  f i b e r  s t r e n g t h  w h i c h  i s  
a l s o  shown i n  F i g .  8 ( b ) ,  and examined t h e  e f e c t s  o f  
p u l l - o u t  when f i b e r s  f r a c t u r e  away from t h e  c r a c k  p l a n e .  
CONTINUUM DAMAGE MECHANICS 
s t r e n g t h .  
Con t inuum damage mechan ics  w i l l  now be d i s c u s s e d  
because i t  addresses  l o c a l  phenomena as  d i d  f r a c t u r e  
mechan ics  p r e v i o u s l y  and because i t  can  be u t i l i z e d  t o  
p r e d i c t  t h e  f a i l u r e  o f  c o m p o s i t e s ,  e s p e c i a l l y  t i m e  
dependen t  f a i l u r e .  However, i t  w i l l  o n l y  be b r i e f l y  
d e s c r i b e d  h e r e  i n  g e n e r a l  t e rms  and  w i l l  n o t  be i n c l u d e d  
i n  t h e  subsequen t  d i s c u s s i o n .  
The b a s i c  i d e a  o f  damage mechan ics  a c c o r d i n g  t o  
S i d o r o f f  ( 1 9 8 4 )  i s  t h e  i n t r o d u c t i o n  o f  a damage v a r i a b l e  
d e s c r i b i n g  a t  t h e  m a c r o s c o p i c  l e v e l  t h e  m i c r o s c o p i c  deg- 
r a d a t i o n  o c c u r r i n g  i n  t h e  m a t e r i a l .  L i k e  f r a c t u r e  
mechan ics ,  c o n t i n u u m  damage mechan ics  c o n s i d e r s  t h e  
b e h a v i o r  o f  an i m p e r f e c t  body,  however ,  w h i l e  f r a c t u r e  
mechan ics  d e a l s  w i t h  one d o m i n a n t  m a c r o d e f e c t ,  c o n t i n u u m  
damage mechan ics  c o n s i d e r s  a w h o l e  p o p u l a t i o n  o f  m i c r o -  
d e f e c t s .  I n  o t h e r  words,  where f r a c t u r e  mechan ics  
s t a r t s  w i t h  a c r a c k e d  body ,  c o n t i n u u m  damage mechan ics  
s t a r t s  w i t h  a p e r f e c t  m a t e r i a l  and  f o l l o w s  i t s  damage 
a c c u m u l a t i o n  t o  t h e  appearance  o f  a d o m i n a n t  macro-  
s c o p i c  d e f e c t .  
I n  t h e  s i m p l e s t  case  a s i n g l e  damage v a r i a b l e  D 
i s  assumed t o  p r e d i c t  f a i l u r e  when D = 1 or some o t h e r  
c r i t i c a l  v a l u e  Dc and i t  i s  u s u a l l y  d e f i n e d  from some 
m e a s u r a b l e  m a c r o s c o p i c  q u a n t i t y  p w h i c h  i s  hoped t o  be 
r e n r e s e n t a t i v e  o f  t h e  m a c r o s c o p i c  d e g r a d a t i o n  p r o c e s s .  
He ' ice,  
( 3 3 )  
whe-e PO and PR d e n o t e  t h e  v a l u e s  o f  p i n  t h e  i n i -  
t i a l  undamaged s t a t e  and a t  r u p t u r e .  To c o m p l e t e  t h e  
model a damage e v o l u t i o n  l a w  i s  needed to fo l low t h e  
damage p r o c e s s .  A g e n e r a l i z e d  e v o l u t i o n  e q u a t i o n  can 
be w r i t t e n  i n  t h e  form 
T h i s  o n e - d i m e n s i o n a l  s c a l a r  mode l ,  however ,  w i l l  
n o t  be s u f f i c i e n t  fo r  c o m p o s i t e  s t r u c t u r e s .  Many 
mechanisms a r e  known t o  be r e s p o n s i b l e  f o r  c o m p o s i t e  
damage, i . e . ,  f i b e r  f a i l u r e ,  m a t r i x  c r a c k i n g ,  i n t e r -  
f a c i a l  d e b o n d i n g ,  e t c .  and t h e i r  i n t e r a c t i o n  i s  n o t  
c l e a r l y  u n d e r s t o o d .  A v e r a g i n g  them i n  a s i n g l e  damage 
v a r i a b l e  c a n n o t  be r e a l i s t i c .  
r e l a t e d  to t h e  a n i s o t r o p y  o f  c o m p o s i t e  m a t e r i a l s .  Con- 
s e q u e n t l y ,  a n i s o t r o p i c  damage t e n s o r s  and o t h e r  damage 
d e s c r i p t i o n s  have  been p roposed  b y  Wnuk and K r i z  ( 1 9 8 5 ) ,  
T a l r e j a  ( 1 9 8 6 ) ,  Shen e t  a l .  (19871,  Lene ( 1 9 8 6 ) ,  and 
o t h e r s .  
STATISTICAL FAILURE CRITERIA 
They a r e  a l s o  s t r o n g l y  
P u r e l y  s t a t i s t i c a l  c r i t e r i a  have a l s o  been p r o -  
posed fo r  t h e  f a i l u r e  c h a r a c t e r i z a t i o n  o f  c e r a m i c  
m a t r i x  c o m p o s i t e s  when t h e  d e t e r m i n i s t i c  mode ls  d o  n o t  
a d e q u a t e l y  d e s c r i b e  o b s e r v e d  v a r i a t i o n  i n  c o m p o s i t e  
s t r e n g t h .  Because t h e s e  c r i t e r i a  a r e  p u r e l y  s t a t i s t i c a l  
t h e y  can a l w a y s  be a p p l i e d ,  b u t  t h e y  d o  r e q u i r e  a 
g r e a t e r  amount o f  t e s t  d a t a .  
The p r i n c i p l e  o f  i n d e p e n d e n t  a c t i o n  ( P I A )  
( W e t h e r h o l d .  1983)  i s  t h e  s t a t i s t i c a l  f o r m u l a t i o n  o f  
t h e  maximum s t r e s s  c r i t e r i o n .  U s i n g  W e i b u l l ' s  weakes t  
l i n k  s t a t i s t i c  and a s t a t e  o f  p l a n e  s t r e s s  for  a t r a n s -  
v e r s e l y  i s o t r o p i c  m a t e r i a l ,  t h e  r e l i a b i l i t y  due t o  
i n t r i n s i c  f l a w s  i n  a c o m p o s i t e  can be c a l c u l a t e d  from 
J V  
where t h e  r e l i a b i l i t y ,  R .  i s  t h e  p r o b a b i l i t y  o f  n o  f a i l -  
u r e  o f  t h e  vo lume,  a i  and p i  a r e  t h e  W e i b u l l  shape 
and  s c a l e  p a r a m e t e r s  and o i  a r e  t h e  i n - p l a n e  m a t e r i a l  
axes  s t r e s s e s  and 06  has been s u b s t i t u t e d  from t h e  
p r e v i o u s l y  used  ~ 1 2 .  The p r i n c i p l e  o f  i n d e p e n d e n t  
a c t i o n  i s  a w e a k e s t  l i n k  model  w h i c h  assumes t h a t  v o l -  
ume V i s  d i v i d e d  i n t o  N e l e m e n t s  where n o  f a i l u r e  
o f  t h e  vo lume r e q u i r e s  n o  f a i l u r e  o f  any  o f  t h e  e l e -  
men ts .  The e v e n t  o f  n o  f a i l u r e  o f  an e l e m e n t  i s  t h e  
same as t h e  e v e n t  o f  n o  f a i l u r e  o f  an e l e m e n t  b y  any  o f  
t h e  s t r e s s  components w h i c h  a r e  assumed t o  a c t  i ndepend-  
e n t l y .  A s t a t i s t i c a l  e q u i v a l e n t  o f  t h e  maximum s t r a i n  
f a i l u r e  c r i t e r i o n  has a l s o  been d e v e l o p e d .  
W e t h e r h o l d ' s  o t h e r  model ( W e t h e r h o l d ,  1983)  i s  t h e  
p r o b a b i l i s t i c  form o f  t h e  maximum d i s t o r t i o n a l  e n e r g y  
(MDE) c r i t e r i o n .  I t  a l s o  i s  a weakes t  l i n k  model  where 
MDE i s  t h e  c r i t e r i o n  fo r  f a i l u r e  o f  an e l e m e n t .  The MDE 
c r i t e r i o n  i s  g i v e n  b y  
2 2 2 
KMDE 2 = k) - 7 t (z) t (z) ( 3 6 )  
The r e l i a b i l i t y  o f  t h e  e l e m e n t  i s  P{K < 1 ) .  To e v a l u -  
a t e  t h e  r e l i a b i l i t y  one needs t o  i n t e g r a t e  t h e  f o l l o w i n g  
e a u a t i o n :  
where Fx l ,  Fx2, and  Fx6  a r e  t h e  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n s  for s t r e n g t h s  X i .  X2, and X6 and  
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The i n t e s r a l  i n  Ea. 
6 i ( 1 )  = u 
( 3 7 )  i s  i n t r a c t a b l e  and can  be e v a l -  
u a t e d  o n i y  b y  u s i n g  a Monte C a r l o  t e c h n i q u e .  O t h e r  s t a -  
t i s t i c a l  f o r m s  o f  p h e n o m e n o l o g i c a l  c r i t e r i a  a r e  g i v e n  b y  
C a s s e n t i  (1984)  and Sun and  Yamada ( 1 9 7 8 ) .  
The p r e v i o u s  s t a t i s t i c a l  c r i t e r i a  were based o n  t h e  
o b s e r v e d  v a r i a t i o n  i n  c o m p o s i t e  s t r e n g t h .  F o r  compos- 
i t e s  w i t h  h i g h  f i b e r  vo lume f r a c t i o n s  and f u l l y  c r a c k e d  
m a t r i c e s ,  t h r e e  models  ( J a y a t i l a k a ,  1979)  f o r  t h e  u l t i -  
ma te  u n i d i r e c t i o n a l  s t r e n g t h  have been p r o p o s e d  t h a t  
a r e  s o l e l y  based o n  t h e  v a r i a t i o n  i n  f i b e r  s t r e n g t h  of. 
t h e  c o m p o s i t e .  These mode ls  a r e  based  o n  t h e  f o l l o w i n g  
a s s u m p t i o n s :  
( 1 )  The c r a c k  p r o p a g a t e s  c a t a s t r o p h i c a l l y  i n  a 
d i r e c t i o n  no rma l  to  t h e  a d j a c e n t  f i b e r s  f o l l o w i n g  t h e  
f r a c t u r e  o f  a s i n g l e  f i b e r .  
( 2 )  The c r a c k  may a l s o  p r o p a g a t e  a l o n g  t h e  f i b e r -  
m a t r i x  i n t e r f a c e  and t h e  c o m p o s i t e  behaves t h e n  as a 
b u n d l e  o f  unbound f i b e r s .  
( 3 )  The l a s t  model assumes t h a t  when t h e  weakes t  
f i b e r  f a i l s  i t  i s  f o l l o w e d  b y  a d d i t i o n a l  f i b e r  f r a c t u r e  
a t  o t h e r  weak s i t e s  as t h e  l o a d  i s  i n c r e a s e d .  T h i s  i s  
known as t h e  c u m u l a t i v e  damage f a i l u r e  mode l .  
The s t r e n g t h  o f  a s i n g l e  f i b e r  v a r i e s  w i t h  t h e  
l e n g t h  o f  t h e  f i b e r  and t h i s  i s  due t o  f l a w s  p r e s e n t  i n  
t h e  f i b e r .  The a v e r a g e  s i n g l e  f i b e r  s t r e n g t h  i s  g i v e n  
b y  
( 3 8 )  
where a and  13 a r e  t h e  f i b e r  W e i b u l l  shape and s c a l e  
p a r a m e t e r s ,  Q i s  t h e  f i b e r  l e n g t h  and r i s  t h e  gamma 
f u n c t i o n .  The s t r e n g t h  o f  a b u n d l e  o f  f i b e r s  i n  t h e  
second model  i s  s i m i l a r  t o  t h e  p r o b l e m s  c o n s i d e r e d  by  
D a n i e l s  (1945)  where he s t u d i e d  t h e  s t r e n g t h  o f  a b u n d l e  
o f  t h r e a d s .  The ave rage  b u n d l e  s t r e n g t h  o f  t h e  f i b e r s  
i s  
( 3 9 )  
where e i s  t h e  base o f  t h e  n a t u r a l  l o g a r i t h m ,  t h a t  i s  
e = 2.7183.  These s t r e n g t h s  a r e  s u b s t i t u t e d  i n t o  t h e  
r u l e - o f - m i x t u r e s  r e l a t i o n s h i p  t o  d e t e r m i n e  t h e  u l t i m a t e  
s t r e n g t h  o f  t h e  c o m p o s i t e  assuming  z e r o  m a t r i x  s t r e n g t h .  
The c u m u l a t i v e  damage model  assumes t h a t  when a 
f i b e r  f r a c t u r e s ,  a p o r t i o n  o f  t h e  f i b e r  of l e n g t h  6 
does  not c a r r y  any  l o a d .  The c o m p o s i t e  i s  d i v i d e d  i n t o  
l a y e r s  o f  l e n g t h  6 .  Each l a y e r  i s  c o n s i d e r e d  a b u n d l e  
o f  l i n k s  and  t h e  c o m p o s i t e  i s  a s e r i e s  o f  such  b u n d l e s ,  
or a c h a i n - o f - b u n d l e s .  F a i l u r e  o f  one b u n d l e  r e s u l t s  i n  
t o t a l  f a i l u r e  o f  t h e  c o m p o s i t e .  The a v e r a g e  s t r e n g t h  
v a l u e  from t h e  c u m u l a t i v e  damage model t o  be used  i n  t h e  
r u l e - o f - m i x t u r e s  e q u a t i o n  i s  
-1 l a  Ofu = urnode : Oca be)  (40)  
where 6 ,  t h e  i n e f f e c t i v e  l e n g t h ,  i s  a f u n c t i o n  o f  r ,  
V f ,  E f  and t h e  m a t r i x  shear  modu lus .  
O t h e r  i n v e s t i g a t o r s  have p r o p o s e d  mode ls  based  o n  
t h e  c u m u l a t i v e  damage mode l .  Zweben and Rosen (1970)  
c o n s i d e r e d  t h e  c h a i n - o f - b u n d l e s  model i n  d i s c u s s i n g  
c r a c k  g r o w t h  i n  u n i d i r e c t i o n a l  c o m p o s i t e s .  The s t r e n g t h  
o f  each b u n d l e  was d e t e r m i n e d  by b u n d l e  t h e o r y  t a k i n g  
i n t o  c o n s i d e r a t i o n  s t r e s s  c o n c e n t r a t i o n s  from t h e  shear-  
l a g  model of Hedgepeth i n  f i b e r s  a d j a c e n t  to  b r o k e n  
f i b e r s .  Weakest l i n k  t h e o r y  was used  t o  d e t e r m i n e  t h e  
p r o b a b i l i t y  of f a i l u r e  of t h e  c h a i n - o f - b u n d l e s .  Zweben 
and Rosen d i d  n o t  succeed i n  e s t a b l i s h i n g  a u s a b l e  f a i l -  
u r e  c r i t e r i o n .  
H a r l o w  and Phoen ix  (1978)  a l s o  u t i l i z e d  t h e  c h a i n -  
o f - b u n d l e s  mode l .  They assumed t h a t  t h e  s t r e n g t h  o f  
i n d i v i d u a l  b r i t t l e  f i b e r s ,  embedded i n  a m a t r i x  h a v i n g  
s t i f f n e s s  and s t r e n g t h  f a r  b e l o w  t h a t  o f  t h e  f i b e r s ,  
f o l l o w s  a W e i b u l l  d i s t r i b u t i o n .  Upon l o a d i n g  i s o l a t e d  
f r a c t u r e s  a r e  o b s e r v e d  i n  i n d i v i d u a l  f i b e r s .  A s  t h e  
l o a d  i s  i n c r e a s e d  f i b e r  f r a c t u r e s  a c c u m u l a t e  u n t i l  t h e  
c o m p o s i t e  can  n o  l o n g e r  s u p p o r t  t h e  l o a d .  Two l o a d  
s h a r i n g  r u l e s  f o r  t h e  u n b r o k e n  f i b e r s  were c o n s i d e r e d .  
The Equal  Load S h a r i n g  (ELS) r u l e  assumes t h a t  t h e  l o a d  
from t h e  b r o k e n  f i b e r s  i s  e v e n l y  d i s t r i b u t e d  amongst 
t h e  r e m a i n i n g  f i b e r s .  The L o c a l  Load S h a r i n g  (LLS) 
r u l e  assumes t h a t  t h e  a d d i t i o n a l  l o a d  i s  c o n c e n t r a t e d  
i n  t h e  f i b e r s  a d j a c e n t  t o  t h e  b r o k e n  f i b e r s .  
o f - b u n d l e s  m o d e l s ,  c o n s i d e r s  a c o m p o s i t e  c o n t a i n i n g  
N f i b e r s  of l e n g t h  Q h e l d  t o g e t h e r  b y  a m a t r i x .  
Damage r e s u l t i n g  from l o a d i n g  i s  assumed t o  c o n s i s t  o f  
b r e a k s  i n  t h e  f i b e r s .  S i n g l e  i s o l a t e d  b r e a k s  a r e  c a l l e d  
s i n g l e t s ,  p a i r s  o f  b r e a k s  a r e  c a l l e d  d o u b l e t s ,  or i n  
g e n e r a l  i - p l e t s .  The a s s u m p t i o n  i s  made t h a t  f i b e r  
f a i l u r e  conforms t o  a W e i b u l l  d i s t r i b u t i o n  where t h e  
c u m u l a t i v e  p r o b a b i l i t y  o f  t h e  f i b e r  b r e a k i n g  i s  g i v e n  by  
The B a t d o r f  (1982)  m o d e l ,  as opposed t o  t h e  c h a i n -  
( 4 1 )  
where a and  13 a r e  t h e  W e i b u l l  p a r a m e t e r s .  I f  t h e r e  
a r e  N f i b e r s  o f  l e n g t h  1 .  t h e  number o f  s i n g l e t s  a t  
s t r e s s  u i s  
Q, = N P ~  = NQ($= ( 4 2 )  
A s i n g l e t  becomes a d o u b l e t  when one o f  t h e  n e i g h b o r i n g  
f i b e r s  b r e a k s .  
d o u b l e t ,  P ~ Q .  i s  
The p r o b a b i l i t y  t h a t  a s i n g l e t  becomes a 
c u a  
p1+2 = n+1(+) ( 4 3 )  
where n1 
c o n c e n t r a t i o n  t h a t  v a r i e s  from c l o  t o  u r e l a t i v e  to  
t h e  n o m i n a l  f i b e r  s t r e s s  a n d  X1 i s  t h e  e f f e c t i v e  
l e n g t h  o f  t h i s  o v e r s t r e s s e d  r e g i o n .  
l e t s  i n  l o a d i n g  t o  s t r e s s  u t h u s  becomes 
i s  t h e  number o f  f i b e r s  s u b j e c t e d  t o  a s t r e s s  
The number o f  doub- 
G e n e r a l i z i n g  t h i s  r e s u l t  g i v e s  
( 4 4 )  
( 4 5 )  
F a i l u r e  o c c u r s  when a n  i - p l e t  becomes u n s t a b l e  and  imme- 
d i a t e l y  becomes a n  (i + 1 )  p l e t .  w h i c h  i m m e d i a t e l y  
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becomes an (i + 2 )  p l e t ,  e t c . ,  r e s u l t i n g  i n  f r a c t u r e  o f  
t h e  compos i te .  
SUMMARY AND DISCUSSION 
There  a r e  two g e n e r a l  app roaches  t o  p r e d i c t i n g  
f a i l u r e .  One i s  t h e  p h e n o m e n o l o g i c a l  a p p r o a c h  and t h e  
o t h e r  i s  m e c h a n i s t i c .  The p h e n o m e n o l o g i c a l  app roach  i s  
s t r i c t l y  an e m p i r i c a l  c u r v e  f i t t i n g  p r o c e d u r e  t h a t  
d e v e l o p s  a s u r f a c e  i n  s t r e s s  space t o  f i t  t h e  a v a i l a b l e  
d a t a .  With enough c o n s t a n t s  t h e  e x p e r i m e n t a l  d a t a  can 
a lways  be a d e q u a t e l y  d e s c r i b e d .  The p h e n o m e n o l o g i c a l  
app roach  has been a p p l i e d  t o  homogeneous, i s o t r o p i c  
m a t e r i a l s  such as m e t a l s  w i t h  c o n s i d e r a b l e  success .  I f  
t h e  s t r e n g t h  o f  t h e  m e t a l ,  however ,  i s  s e n s i t i v e  t o  
m i c r o s t r u c t u r a l  d i s c o n t i n u i t i e s ,  such as  c r a c k s ,  a mech- 
a n i s t i c  app roach  such as f r a c t u r e  mechan ics  i s  r e q u i r e d .  
The m e c h a n i s t i c  app roach  d e v e l o p s  c r i t e r i a  t h a t  d e s c r i b e  
t h e  mechanisms o f  f a i l u r e  i n  te rms  o f  m i c r o s t r u c t u r a l  
v a r i a b l e s  and t h e  use o f  e n g i n e e r i n g  p r i n c i p l e s .  
The complex mechanisms o f  f a i l u r e  i n  c e r a m i c  m a t r i x  
c o m p o s i t e s  such as  m a t r i x  c r a c k i n g ,  i n t e r f a c i a l  debond- 
i n g  and f i b e r  p u l l - o u t  ( H a r r i s ,  1986)  a r e  s t r o n g l y  . 
a f f e c t e d  b y  m i c r o s t r u c t u r a l  p a r a m e t e r s  such as f i b e r  
d i a m e t e r  o r  f i b e r - m a t r i x  i n t e r f a c i a l  shear  s t r e n g t h .  
The m a c r o s c o p i c  phenomeno log ica l  c r i t e r i a  c a n n o t  a c c o u n t  
f o r  t h e s e  f a c t o r s  i n  p r e d i c t i n g  f a i l u r e .  I n  a d d i t i o n ,  
m e c h a n i s t i c  c r i t e r i a  can e x t r a p o l a t e  beyond known t e s t  
c o n d i t i o n s  t o  a c c o u n t  fo r  v a r i a t i o n s  i n  t h e s e  parame- 
t e r s .  Thus,  m e c h a n i s t i c  c r i t e r i a  a r e  n e c e s s a r y  t o  
u n d e r s t a n d  t h e  f a c t o r s  c o n t r o l l i n g  t h e  f a i l u r e  o f  
c e r a m i c  matrix c o m p o s i t e s .  On t h e  o t h e r  hand,  t h e y  may 
become i n t r a c t a b l e  when too many p a r a m e t e r s  c o n t r o l  t h e  
m a t e r i a l s  f a i l u r e  b e h a v i o r .  
The s e m i - e m p i r i c a l  f a i l u r e  c r i t e r i a  a t t e m p t  t o  
a p p l y  t h e  m e c h a n i s t i c  p r i n c i p l e s  o f  l i n e a r  e l a s t i c  f r a c -  
t u r e  mechan ics  t o  c o m p o s i t e s  b y  assuming  t h e  e x i s t e n c e  
o f  an " i n t e n s e  e n e r g y "  r e g i o n  a t  t h e  c r a c k  t i p .  I n  
p r a c t i c e ,  however ,  because o f  unknown c r a c k  d i m e n s i o n s  
t h e y  a r e  two-pa ramete r  e m p i r i c a l  c o r r e l a t i o n s  o f  t e s t  
d a t a  much t h e  same as t h e  p h e n o m e n o l o g i c a l  c r i t e r i a .  
These mode ls  were d e v e l o p e d  fo r  p o l y m e r  m a t r i x  compos- 
i t e s  where t h e  a s s u m p t i o n  of an " i n t e n s e  e n e r g y "  r e g i o n  
may b?  a c c e p t a b l e ,  b u t  i s  q u e s t i o n a b l e  f o r  c e r a m i c  
m a t r i x  c o m p o s i t e s .  To a p p l y  t h e s e  c r i t e r i a  c e r t a i n  
c h a r a c t e r i s t i c  p a r a m e t e r s  mus t  be d e t e r m i n e d  exper imen-  
t a l l y .  These p a r a m e t e r s  a r e  dependen t  upon t h e  l a m i n a t e  
c o n f i g u r a t i o n  and m a t e r i a l  sys tem.  L i k e  t h e  phenomeno- 
l o g i c a l  m o d e l s ,  t h e  s e m i - e m p i r i c a l  c r i t e r i a  d o  n o t  
d e s c r i b e  t h e  mechanisms o f  f a i l u r e .  
The s h e a r - l a g  f a i l u r e  c r i t e r i a  a r e  m e c h a n i s t i c  
mode ls  t h a t  d e s c r i b e  t h e  b e h a v i o r  o f  t h e  c o m p o s i t e  a t  
t h e  m i c r o m e c h a n i c s  l e v e l .  The f i r s t  mode ls  d i d  n o t  con- 
s i d e r  f a i l u r e  i n  a c o m p o s i t e  b u t  s i m p l y  t h e  s t r e s s  con- 
c e n t r a t i o n  due t o  b r o k e n  f i b e r s  i n  a d j a c e n t  u n b r o k e n  
f i b e r s .  Goree and Gross  were t h e  f i r s t  t o  c o n s i d e r  
f a i l u r e .  The model i n c l u d e d  l o n g i t u d i n a l  y i e l d i n g  o f  
t h e  m a t r i x  and m a t r i x  s p l i t t i n g ,  two f a i l u r e  mechanisms 
seen i n  p o l y m e r  m a t r i x  c o m p o s i t e s .  S h e a r - l a g  mode ls  
a r e  n o t  c u r r e n t l y  a p p l i c a b l e  t o  c e r a m i c  m a t r i x  compos- 
i t e s .  They assume t h a t  t h e  t e n s i l e  l o a d  i s  c a r r i e d  
s o l e l y  b y  t h e  f i b e r s ,  w h i l e  a c t u a l l y ,  a c e r a m i c  m a t r i x  
has s i g n i f i c a n t  l o a d  c a r r y i n g  c a p a b i l i t y .  
The f r a c t u r e  mechan ics  f a i l u r e  c r i t e r i a  a r e  a l s o  
m e c h a n i s t i c  mode ls .  The ACK mode l ,  based o n  e n e r g y  
p r i n c i p l e s ,  was o r i g i n a l l y  d e v e l o p e d  for c o n c r e t e  and 
s t e e l  r e i n f o r c i n g  w i r e s ,  b u t  i s  a l s o  a p p l i c a b l e  to  
c e r a m i c  m a t r i x  c o m p o s i t e s .  The m u l t i p l e  m a t r i x  f r a c -  
t u r e  and enhanced m a t r i x  c r a c k i n g  s t r a i n  p r e d i c t e d  by  
ACK i s  seen i n  many b r i t t l e  m a t r i x  c o m p o s i t e s .  The 
more r i g o r o u s  e n e r g y  a n a l y s i s  o f  BHE was d e v e l o p e d  spe- 
c i f i c a l l y  f o r  b r i t t l e  m a t r i x  c o m p o s i t e s  f o r  t h e  cases  
o f  f r i c t i o n a l l y  c o n s t r a i n e d  and i n i t i a l l y  bonded, 
d e b o n d i n g  m a t r i c e s .  The model o f  p r i m a r y  i n t e r e s t ,  how- 
e v e r ,  i s  t h a t  o f  MCE. I t  c o n s i d e r s  f r i c t i o n a l l y  con- 
s t r a i n e d ,  s l i p p i n g  f i b e r s  w h i c h  r e s u l t  i n  t h e  d e s i r e d  
" g r a c e f u l "  f a i l u r e  o f  t h e  c e r a m i c  m a t r i x  c o m p o s i t e .  
MCE a l s o  c o n s i d e r  t h e  t r a n s i t i o n  from n o t c h  i n s e n s i t i v e  
l a r g e  c r a c k  b e h a v i o r  t o  n o t c h  s e n s i t i v e  s h o r t  c r a c k  
r e s p o n s e .  F a i l u r e  due t o  t r a n s v e r s e  or  c o m p r e s s i v e  
l o a d s  has n o t  been addressed  h e r e .  F r a c t u r e  mechan ics  
mode ls  a r e  s u i t a b l e  o n l y  f o r  t e n s i o n  l o a d e d  c e r a m i c  
m a t r i x  c o m p o s i t e s .  I n  a d d i t i o n ,  f r a c t u r e  mechan ics  
mode ls  a r e  based o n  t h e  a s s u m p t i o n  o f  a c o n s t a n t  i n t e r -  
f a c i a l  s h e a r  s t r e n g t h .  The v a l i d i t y  o f  t h a t  a s s u m p t i o n  
i s  b e i n g  a d d r e s s e d  b y  o t h e r s .  
The c r i t e r i a  d i s c u s s e d  so f a r  have a l l  been d e t e r -  
m i n i s t i c .  Some phenomeno log ica l  and m e c h a n i s t i c  models  
can a l s o  be e x p r e s s e d  i n  s t a t i s t i c a l  form. There  i s  a 
g r e a t  d e a l  of i n t r i n s i c  v a r i a b i l i t y  i n  t h e  s t r e n g t h  o f  
each  o f  t h e  b r i t t l e  c o n s t i t u e n t s  o f  a c e r a m i c  m a t r i x  
c o m p o s i t e  b u t ,  d e p e n d i n g  o n  t h e  c o m p o s i t e  sys tem,  t h e  
m a t r i x  c r a c k i n g  s t r e n g t h  may be d e t e r m i n i s t i c  or proba-  
b i l i s t i c .  The u l t i m a t e  u n i d i r e c t i o n a l  c o m p o s i t e  
s t r e n g t h ,  however ,  w i l l  a lways  be p r o b a b i l i s t i c  s i n c e  
i t s  v a l u e  i s  d e t e r m i n e d  by  t h e  b r i t t l e  f i b e r  s t r e n g t h  
d i s t r i b u t i o n .  Thus, s t a t i s t i c a l  mode ls  a r e  r e q u i r e d  
for t h o s e  c o m p o s i t e  systems w h i c h  possess  a g r e a t  d e a l  
o f  s t r e n g t h  s c a t t e r  o r  have l i n e a r  s t r e s s - s t r a i n  c u r v e s  
a l l  t h e  way t o  f r a c t u r e .  
The c r i t e r i a  o f  W e t h e r h o l d ,  C a s s e n t i ,  and Sun and 
Yamada a r e  p u r e l y  s t a t i s t i c a l  and a r e  based o n  t h e  d i s -  
t r i b u t i o n  of c o m p o s i t e  s t r e n g t h  d a t a .  Phenomeno log ica l  
mode ls  are  used  as c r i t e r i a  t o  p r e d i c t  p r o b a b i l i t y  o f  
f a i l u r e  o f  t h e  c o m p o s i t e .  The t h r e e  mode ls ,  d e s c r i b e d  
b y  J a y a t i l a k a ,  f o r  t h e  u l t i m a t e  u n i d i r e c t i o n a l  s t r e n g t h  
o f  a c o m p o s i t e  a r e  a l s o  p u r e l y  s t a t i s t i c a l ,  b u t  a r e  
based  o n  t h e  v a r i a t i o n  i n  s t r e n g t h  of o n l y  t h e  c o m p o s i t e  
f i b e r .  I n  h i g h  f i b e r  vo lume f r a c t i o n  c o m p o s i t e s ,  t h e  
m o s t  c o n s e r v a t i v e  and  a c c u r a t e  u l t i m a t e ,  l o n g i t u d i n a l  
s t r e n g t h  i s  a f u n c t i o n  o f  t h e  b u n d l e  s t r e n g t h ,  p r o v i d e d  
t h a t  t h e  f i b e r  vo lume f r a c t i o n  and f i b e r  s t r e n g t h  a r e  
a d e q u a t e  t o  c a r r y  t h e  l o a d  a f t e r  m a t r i x  f a i l u r e .  The 
o t h e r  two mode ls  a r e  l e s s  c o n s e r v a t i v e  and more a p p l i c a -  
b l e  t o  t h e  b e h a v i o r  o f  p o l y m e r  m a t r i x  c o m p o s i t e s .  
A b e t t e r  a p p r o a c h  w o u l d  be t o  d e v e l o p  s t a t i s t i c a l  
f a i l u r e  c r i t e r i a  based  on m e c h a n i s t i c  m o d e l s ,  as  done 
f o r  m o n o l i t h i c  c e r a m i c s .  These c r i t e r i a  c o u l d  t h e n  be 
used  t o  e x t r a p o l a t e  beyond t h e  r a n g e  of o b s e r v a t i o n s ,  
n o t  o n  t h e  b a s i s  t h a t  t h e  d i s t r i b u t i o n s  t h e y  p r o d u c e  
can  be f i t t e d  t o  e x i s t i n g  t e s t  d a t a ,  b u t  t h a t  t h e y  a r e  
germane t o  t h e  phenomena. These c r i t e r i a  c u r r e n t l y  d o  
n o t  e x i s t .  The mos t  p r o m i s i n g  model t o  d e s c r i b e  t h e  
v a r i a b i l i t y  i n  s t r e n g t h  and t h e  mechanisms o f  f a i l u r e  
i n  c e r a m i c  m a t r i x  c o m p o s i t e s  w o u l d  be a s t a t i s t i c a l  
f a i l u r e  c r i t e r i a  based o n  t h e  f r a c t u r e  mechan ics  models  
o f  ACK, BHE and more s p e c i f i c a l l y  of MCE. 
b i n a t i o n s  of t h e s e  as  r e q u i r e d  b y  t h e  s e l e c t e d  m a t e r i a l  
sys tem,  w i l l  be i n c o r p o r a t e d  i n  t h e  n e a r  f u t u r e  i n t o  an 
i n t e g r a t e d  c o m p o s i t e  d e s i g n  p r o g r a m  for component 
a n a l y s i s .  
ACKNOWLEDGMENTS 
F r a c t u r e  mechan ics  and s t a t i s t i c a l  mode ls ,  and com- 
T h i s  r e s e a r c h  was sponsored  b y  t h e  S t r u c t u r a l  
I n t e g r i t y  B r a n c h  a t  NASA Lew is  Research  C e n t e r  u n d e r  
c o o p e r a t i v e  ag reemen t  NCC-3-81. 
REFERENCES 
A s h k e n a z i ,  E.K., 1966, "P rob lems  of t h e  A n i s o t r o p y  o f  
S t r e n g t h . "  Po lymer  Mechan ics ,  Vol. 1 ,  No. 2,  pp .  60- 
70. 
8 
Aveston, J., Cooper, G.A., and Kelly, A., 1971, "Single 
and Multiple Fracture," The Properties of Fibre Com- 
posites, IPC Science and Technology Press, Surrey, 
England, pp. 15-26. 
Aveston, J., and Kelly, A., 1975, "Theory of Multiple 
Fracture of Fibrous Composites," Journal of Materials 
Science, Vol. 8, No. 3, pp. 352-362. 
Strensth of Comoosite Laminates: Prediction and 
Awerbuch. J., and Madhukar, M.S., 1985, "Notched 
Experiments - A' Review," Journal of Reinforced Plas- 
tics and Composites, Vol. 4, No. 1 ,  pp. 3-159. 
Azzi, V.D.. and Tsai, S.W., 1965, "Anisotropic Strength 
of Composites," Experimental Mechanics," Vol. 5, 
NO. 9, pp. 283-288. 
Batdorf, S.B., 1982, "Tensile Strength of Unidirection- 
ally Reinforced Composites - 1 , "  Journal of Rein- 
forced Plastics and Composites, Vol. 1 ,  No. 2 ,  
Batdorf, S.B., and Ghaffarian, R . ,  1982, "Tensile 
pp. 153-164. 
Strength of Unidirectionatly Reinforced Composites 
- 2," Journal of Reinforced Plastics and Composites, 
Bert, C.W., Mayverry, B.L., and Ray, J.D., 1969, "Behav- 
ior of Fiber-Reinforcod Plastic Laminates under Uniax- 
ial, Biaxial, and Shear Loadings," U.S. Army Aviation 
Material Laboratory, USAAVLABS-TR-68-86. (Avail. 
Bowie, O.L . ,  1956, "Analysis of an Infinite Plate Con- 
tainins Radial Cracks Orisinatina at the Boundarv of 
Vol. 1 .  NO. 2 ,  pp. 165-176. 
NTIS, AD-684321.) 
an Internal Circular Hole:" Journal of Mathematiis 
and Physics, Vol. 35, pp. 60-71. 
Budiansky, B . ,  Hutchinson, J.W.. and Evans, A.G., 1986, 
"Matrix Fracture in Fiber-Reinforced Ceramics," Jour- 
nal of-Mechanics and Physics of Solids, Vol. 34, 
NO. 2, pp. 167-189. 
Burk. R.C. .  1983. "Standard Failure Criteria Needed for 
Advanced'Compoii tes," Astronautics and Aeronautics, 
Vol. 21, NO. 6, pp. 58-62. 
Cassenti. B.N.. 1984, "Probabilistic Static Failure o f  
Composite Materials," A I A A  Journal, Vol. 22, No. 1 ,  
pp. 103-110. 
Chamis. C.C.. 1969. "Failure Criteria for Filamentarv 
Composites;" in Composite Materials: 
Desiqn, ASTM STP-460, American Society for Testing 
and Materials, Philadelphia, PA, pp. 336-351. 
Testinq and 
Cruse, T.A., 1973, "Tensile Strength of Notched Compos- 
ites," Journal of Composite Materials, Vol. 7, 
Dharani, L.R., Jones, W.F., and Goree, J.B., 1983, 
pp. 218-229. 
"Mathematical Modeling of Damage in Unidirectional 
Composites," Enqineerinq Fracture Mechanics, Vol. 17, 
NO. 6 ,  pp. 555-573. 
Daniels, H . E . ,  1945, "The Statistical Theory of the 
Strength of Bundles of Threads," Proceedings of the 
Royal Society (London), Series A. Vol. 183, No. 995, 
June 18, pp. 405-435. 
Eringen, A.C., and Kim, B.S., 1974, "Stress Concentra- 
tion in Filamentary Composites with Broken Fibers." 
Letters in Applied-and Enqineerinq Science, Vol. 2. 
pp. 69-89. (Avail. NTIS, AD-785778.) e 
Franklin, H.G., 1968, "Classic Theories of Failure of 
Anistropic Materials," Fibre Science and Technoloqy, 
VOl. 1 ,  pp, 137-150. 
Fischer. L.. 1967. "ODtimization of OrthotroDic Lami- . .  
nates," Journal 'of Engineerinq for Industry. Vol. 89, 
NO. 3 ,  pp. 399-402. 
Gol'denblat, 1.1.. and Kopnov. V.A.. 1966, "Strength of 
Glass Reinforced Plastics in the Complex Stress 
State." Polymer Mechanics, Vol. 1 .  No. 2 ,  pp. 54-59. 
Goree, J.G., and Gross, R.S., 1974. "Analysis of a Uni- 
directional Composite Containing Broken Fibers and 
Matrix Damage," Enqineerinq Fracture Mechanics, 
Vol . 13, NO. 3, pp. 563-578. 
Griffith, J.E.. and Baldwin. W.M.. 1962. "Failure Theo- 
ries for Generally Orthotropic Materials," Develop- 
ments in Theoretical and Applied Mechanics, Vol. 1 ,  
Plenum Press, New York, pp. 410-420. 
Harlow, D.G., and Phoenix, S.L. ,  1978, "The Chain-of- 
Bundle Probability Model for the Strength of Fibrous 
Materials - 1 .  Analysis and Conjectures," Journal of 
Composite Materials, Vol. 12. pp. 195-215. 
Harris, B., 1986, Enqineerinq Composite Materials, The 
Institute of Metals North American Publication Center, 
Brookfield, VT. 
Hedgepeth, J.M., 1961, "Stress Concentration for Fila- 
mentary Structures," NASA TN D-882. 
Hedgepeth, J.M., and Van Dyke, 1967, "Local Stress Con- 
centrations in Imperfect Filamentary Composite Materi- 
als," Journal of Composite Materials, Vol. 1 ,  No. 3 ,  
Hill, R., 1950, The Mathematical Theory of Plasticity, 
Hoffman. 0.. 1967. "The Brittle Strensth of Orthotrooic 
pp. 294-309. 
Oxford University Press, London, England, pp. 318-320. 
Materials:" Journal o f  Composite Materials, Vol. 1 ' .  
NO. 2, pp. 200-206. 
Hu. L.W., 1958, "Modified Tresca's Yield Condition and 
Associated Flow Rules for Anistropic Materials and 
Applications," Journal of the Franklin Institute, 
VOl. 265, NO. 3, pp. 187-204. 
Huang, C.L., and Kirmser, P.G., 1975, "A Criterion o f  
Strength for Orthotropic Materials." Fibre Science 
and Technology, Vol. 8, No. 2. pp. 103-112. 
Materials, Applied Science Publishers, London, 
England, pp. 249-257. 
Kaminski, B.E.. and Lantz, R.B., 1969, "Strength Theo- 
ries of Failure for Anisotropic Materials," Composite 
Materials: Testing and Desiqn, ASTM STP-460, American 
Society for Testing and Materials, Philadelphia, PA, 
Jayatilaka, A.S., 1979, Fracture of Enqineerinq Brittle 
pp. 160-169. 
9 
Kann inen ,  M.F.. and P o p e l a r ,  C.H., 1965 ,  Advanced F r a c -  
t u r e  Mechan ics ,  O x f o r d  U n i v e r s i t y  P r e s s ,  New York. 
Kann inen ,  M.F. ,  R y b i c k i ,  E.F., and B r i n s o n ,  H.F., 1977. 
"A  C r i t i c a l  Look a t  C u r r e n t  A p p l i c a t i o n s  of F r a c t u r e  
Mechan ics  t o  t h e  F a i l u r e  o f  F i b r e - R e i n f o r c e d  Compos- 
i t e s , "  Compos i tes ,  Vol. 8 ,  No. 1 ,  pp.  17-22.  
K a r l a k .  R.F.. 1977. " H o l e  E f f e c t s  i n  a R e l a t e d  S e r i e s  o f  
S y m m e t r i c a i  L a m i n a t e s , "  P r o c e e d i n g s  of F a i l u r e  Modes 
i n  Compos i tes ,  I V ,  J.A. C o r n i e  and F.W. Crossman, 
Eds. ,  The M e t a l l u r g i c a l  S o c i e t y  o f  A I M E ,  W a r r e n d a l e ,  
PA,  pp.  105-117.  
Kaw, A.K., and Goree,  J.G., 1985 ,  "Shear-Lag A n a l y s i s  
o f  Notched Lamina tes  w i t h  I n t e r l a m i n a r  Debond ing , "  
E n q i n e e r i n g  F r a c t u r e  Mechan ics ,  V o l .  22 ,  No. 6 ,  
p p .  1013-1029. 
K e l l y ,  A . ,  and D a v i e s ,  G.J., 1965,  "The P r i n c i p l e s  o f  
t h e  F i b r e  R e i n f o r c e m e n t  o f  M e t a l s , "  M e t a l l u r g i c a l  
Rev iews ,  Vol. 10,  No. 37, p p .  1-77. 
L a b o s s i e r e ,  P . ,  and N e a l e ,  K .B . ,  1987,  " M a c r o s c o p i c  
F a i l u r e  C r i t e r i a  fo r  F i b e r  R e i n f o r c e d  Compos i te  Mate-  
r i a l s , "  S o l i d  Mechan ics  A r c h i v e s ,  Vol .  12,  NO. 2,  
p p .  65-95. 
Lance, R . I . ,  and Rob inson ,  D.N. ,  1971,  " A  Maximum Shear  
S t r e s s  Theory  o f  P l a s t s i c  F a i l u r e  o f  F i b r e - R e i n f o r c e d  
M a t e r i a l s , "  J o u r n a l  o f  Mechan ics  and P h y s i c s  of 
S o l i d s ,  Vol. 19, No. 2,  pp .  49-60.  
Lene,  F . ,  1986,  "Damage C o n s t i t u t i v e  R e l a t i o n s  f o r  Com- 
p o s i t e  M a t e r i a l s , "  E n q i n e e r i n g  F r a c t u r e  M e c h a n i c s ,  
Vol. 25.  NO. 5-6, pp.  713-728. 
M a l n e i s t e r ,  A . ,  1966, "Geometry  o f  T h e o r i e s  o f  
S r r e n g t h , "  Po lymer  M e c h a n i c s ,  Vol. 2 ,  No. 4 ,  p p .  324- 
311. 
Mar ,  J.W., and L i n ,  K.Y., 1977,  " F r a c t u r e  M e c h a n i c s  Cor -  
r e ' a t i o n  fo r  T e n s i l e  F a i l u r e  o f  F i l a m e n t a r y  Compos i tes  
w i :h  H o l e s , "  J o u r n a l  o f  A i r c r a f t ,  Vol. 14, -No.  7 ,  
p p .  703-704. 
M a r i n ,  J . ,  1957,  " T h e o r i e s  o f  S t r e n g t h  for Combined 
S t r e s s e s  and N o n i s o t r o p i c  M a t e r i a l s , "  J o u r n a l  o f  t h e  
A e r o n a u t i c a l  S c i e n c e s ,  Vol. 24 ,  No. 4 ,  pp .  265-268, 
274.  
M a r s h a l l ,  D .B . ,  and Cox, B.N., 1987,  " T e n s i l e  F r a c t u r e  
o f  B r i t t l e  M a t r i x  Compos i tes :  
S t r e n g t h , "  A c t a .  M e t a l l u r g i c a ,  V o l .  35,  No. 11 ,  
I n f l u e n c e  o f  F i b e r  
pp.  2607-2619.  
M a r s h a l l ,  D .B . ,  Cox, B.N., and  Evans,  A . G . ,  1985,  "The 
Mechan ics  o f  M a t r i x  C r a c k i n a  i n  B r i t t l e  M a t r i x  F i b e r  
Compos i tes . "  A c t a .  M e t a l l u r g i c a .  Vol. 33, No. 1 1 ,  
p p .  2013-2021. 
Nahas, M . N . ,  1986,  " S u r v e y  o f  F a i l u r e  and P o s t - F a i l u r e  
T h e o r i e s  o f  Lamina ted  F i b e r - R e i n f o r c e d  C o m p o s i t e s , "  
J o u r n a l  o f  Compos i tes  T e c h n o l o q y  and R e s e a r c h ,  Vol. 8, 
NO. 4, pp .  138-153. 
Narayanaswami,  R . ,  and Adelman, H.M., 1977 .  " E v a l u a t i o n  
o f  Tensor  P o l y n o m i a l  and Ho f fman  S t r e n q t h  T h e o r i e s  for 
Compos i te  M a t e r i a l s , "  J o u r n a l  o f  C o m p o i i t e  M a t e r i a l s ,  
Vol. 11,  NO. 4 ,  p p .  366-377. 
N o r r i s ,  C.B., and McKinnon.  P . F . ,  1946.  "Compress ion ,  
T e n s i o n ,  and Shear  T e s t s  o n  Y e l l o w - P o p l a r  P l ywood  
P a n e l s  o f  S i z e s  T h a t  Do N o t  B u c k l e  With T e s t s  Made a t  
V a r i o u s  A n g l e s  t o  t h e  Face G r a i n , "  R e p o r t  1328,  F o r -  
e s t  P r o d u c t s  L a b o r a t o r y ,  Mad ison ,  W I .  
Nu i smer ,  R.J., and  Wh i tney ,  J.M., 1975, " U n i a x i a l  F a i l -  
u r e  o f  Compos i te  Lamina tes  C o n t a i n i n g  S t r e s s  Concen- 
t r a t i o n s , "  F r a c t u r e  Mechan ics  of  Compos i tes ,  ASTM 
STP-593, Amer i can  S o c i e t y  for T e s t i n g  and M a t e r i a l s ,  
P h i l a d e l p h i a ,  P A ,  pp.  117-142.  
P a r i s ,  P.C., and S i h ,  G.C.M., 1965,  " S t r e s s  A n a l y s i s  o f  
C r a c k s "  F r a c t u r e  Toughness T e s t i n g  and I t s  App i  i c a -  m, ASTM STP-381, Amer i can  S o c i e t y  fo r  T e s t i n g  and 
M a t e r i a l s ,  P h i l a d e l p h i a ,  P A ,  pp .  30-83. 
P i p e s ,  R.B. ,  W e t h e r h o l d ,  R.C., and G i l l e s p i e ,  J.W., J r . ,  
1980.  " M a c r o s c o p i e  F r a c t u r e  of F i b r o u s  C o m o o s i t e s . "  
M a t e r i a l s  S c i e n c e  and E n q i n e e r i n q ,  Vol. 45', No. 3 ,  
p p .  247-253. 
P i p e s ,  R .B . ,  W e t h e r h o l d ,  R.C., and G i l l e s p i e ,  J.W.. Jr., 
1974 ,  "No tched  S t r e n g t h  o f  Compos i te  M a t e r i a l s . "  Jour, 
n a l  of Compos i te  M a t e r i a l s ,  Vol. 13.  p p .  148-160. 
Poe, C.C. J r . ,  a n d  Sova,  J .A. ,  1980,  " F r a c t u r e  Toughness 
o f  Boron /A luminum L a m i n a t e s  w i t h  V a r i o u s  P r o p e r t i e s  
o f  0" and 245' P l i e s , "  NASA TP-1707. 
P r a q e r .  W . ,  1969.  " P l a s t i c  F a i l u r e  o f  F i b r e - R e i n f o r c e d  
M a t e r i a l s . "  J o u r n a l  o f  A p p l i e d  Mechan ics ,  Vol. 36. 
NO. 3 ,  pp.  542-544.  
Rowlands.  R . E . ,  1975,  "F low  and  F a i l u r e  o f  B i a x i a l l y  
Loaded C o m o o s i t e s :  ExDerimental-Theoretical C o r r e l a -  
t i o n , "  I n e l a s t i c  B e h a v i o r  o f  Compos i te  M a t e r i a l s ,  
C.T. H e r a k o v i c h ,  Ed . ,  V o l .  13,  Amer i can  S o c i e t y  o f  
M e c h a n i c a l  E n g i n e e r s ,  New York, p p .  97-125. 
Sandhu, R . S . ,  1972,  " A  S u r v e y  o f  F a i l u r e  T h e o r i e s  o f  
I s o t r o p i c  and  A n i s o t r o p i c  M a t e r i a l s , "  AFFDL-TR-72-71, 
A i r  F o r c e  F l i g h t  Dynamics L a b o r a t o r y , "  W r i g h t  
P a t t e r s o n  A i r  F o r c e  Base,  OH. ( A v a i l .  NTIS,  
AD-756889.) 
S e n d e c k y j ,  G.P., 1972,  "A  B r i e f  S u r v e y  o f  E m p i r i c a l  
M u l t i a x i a l  S t r e n q t h  C r i t e r i a  f o r  C o m o o s i t e s . "  Comoos- 
i t e  M a t e r i a l s :  
ence), ASTM STP-497. A m e r i c a n  S o c i e t y  fo r  T e s t i n g  and 
i e s t i n q  and  D e s i q n  (Second C o n f e r -  
M a t e r i a l s ,  P h i l a d e l p h i a ,  PA, p p .  41-51, 
Shen, W . ,  Peng, L . ,  Yang, F . ,  and Shen, Z . ,  1987,  "Gen- 
e r a l i z e d  E l a s t i c  Damage T h e o r y  and I t s  A p p l i c a t i o n  to  
Compos i te  P l a t e , "  E n g i n e e r i n q  F r a c t u r e  M e c h a n i c s ,  
S i d o r o f f .  F . ,  1984,  "Damaqe Mechan ics  and i t s  A p p l i c a -  
V O l .  28, NO. 4, p p .  403-412. 
t i o n  t o  C o m p o s i t e  M a t e r i a l s , "  M e c h a n i c a l  C h a r a c t e r i s a -  
t i o n  o f  Load  B e a r i n g  F i b r e  Compos i te  L a m i n a t e s ,  
A . H .  Ca rdon  and G.  V e r c h e r y ,  Ed.s ,  E l s e v i e r ,  New York. 
p p .  21-35.  
S n e l l ,  M.B., 1978,  " S t r e n g t h  and E l a s t i c  Response o f  
Symmet r i c  A n g l e - P l y  CFRP," C o m p o s i t e s ,  V o l .  9 ,  No. 3. 
S o n i ,  S . R . ,  1983,  " A  C o m p a r a t i v e  S t u d y  o f  F a i l u r e  Enve- 
pp .  167-176. 
l o p e s  i n  C o m p o s i t e  L a m i n a t e s , "  J o u r n a l  of R e i n f o r c e d  
P l a s t i c s  and  C o m p o s i t e s ,  Vol. 2 ,  No. 1 ,  pp .  34-42. 
S t o w e l l ,  E . Z . ,  and L i u ,  T . S . ,  1961.  "On t h e  M e c h a n i c a l  
B e h a v i o u r  o f  F i b r e - R e i n f o r c e d  C r y s t a l l i n e  M a t e r i a l s , "  
J o u r n a l  o f  Mechan ics  and P h y s i c s  of S o l i d s ,  Vol. 9 ,  
NO. 4,  p p .  242-260. 
Sun, C.T., and  Yamada, S.E., 1978, " S t r e n g t h  D i s t r i b u -  
t i o n  o f  a U n i d i r e c t i o n a l  F i b e r  Compos i te , "  J o u r n a l  o f  
Compos i te  M a t e r i a l s ,  Vol. 12, No. 2 ,  pp .  169-176. 
T a l r e i a ,  R . ,  1986.  " S t i f f n e s s  P r o p e r t i e s  o f  Composi te  
L a m i n a t e s  w i t h  M a t r i x  C r a c k i n g  and I n t e r i o r  Delamina-  
t i on , "  E n q i n e e r i n g  F r a c t u r e  Mechan ics ,  Vol. 25,  
NO. 5-6. p p .  751-762. 
Tan, S.C.. 1987.  " L a m i n a t e d  Compos i tes  C o n t a i n i n g  an 
E l l i p t i c a l  Open inq .  I .  A p p r o x i m a t e  S t r e s s  Ana lyses  
and F r a c t u r e  M o d e i s , "  J o u r n a l  o f  Compos i te  M a t e r i a l s ,  
Vol. 21, NO. 10,  pp .  925-948.  
Tan, S.C.. 1987.  " L a m i n a t e d  Compos i tes  C o n t a i n i n g  an 
E l l i p t i c a l  Open ing .  11. E x p e r i m e n t  and Model M o d i f i -  
c a t i o n , "  J o u r n a l  o f  Compos i te  M a t e r i a l s ,  V o l .  21,  
NO. 10. p p .  949-968. 
T h o u l e s s ,  M.D., and Evans, A . G . ,  1988, " E f f e c t s  o f  P u l l -  
O u t  o n  t h e  M e c h a n i c a l  P r o p e r t i e s  o f  Ceramic  M a t r i x  
C o m p o s i t e s , "  A c t a  M e t a l l u r g i c a ,  Vol. 36,  No. 3 ,  
pp.  517-522. 
T s a i ,  S .W. ,  1984,  "A  S u r v e y  of M a c r o s c o p i c  F a i l u r e  C r i -  
t e r i a  f o r  Compos i te  M a t e r i a l s , "  J o u r n a l  o f  R e i n f o r c e d  
P l a s t i c s  and Compos i tes ,  Vol. 3 ,  No. 1 ,  p p .  40-62. 
T s a i .  S.W.. and  Wu. E .M. .  1971.  " A  G e n e r a l  Theorv  o f  
S t r e n g t h . f o r  A n i s t r o p i c  M a t e r i a l s , "  J o u r n a l  of-Compos- 
i t e  M a t e r i a l s .  Vol. 5. No. 1, pp.  58-80. 
V i c a r i o ,  A . A .  J r . ,  and T o l a n d ,  R .H . .  1975,  " F a i l u r e  C r i -  
t e r i a  and  F a i l u r e  A n a l y s i s  o f  Compos i te  S t r u c t u r a l  
Components, "  S t r u c t u r a l  D e s i g n  and A n a l y s i s ,  P a r t  1, 
C.C. Chamis,  Ed.. ( C o m p o s i t e  M a t e r i a l s ,  Vol. 7 ,  
L . J .  B rou tman  and R . H .  K r o c k ,  Eds.).  Academic P ress ,  
New York, p p .  51-97. 
Maddoups, M.E., Eisenmann, J.R., and  K a m i n s k i ,  B.E., 
1971, " M a c r o s c o p i e  F r a c t u r e  Mechan ics  o f  Advanced Com- 
p o s i t e  M a t e r i a l s , "  J o u r n a l  o f  Compos i te  M a t e r i a l s ,  
V O I .  5, NO. 4 ,  p p .  446-454. 
W a s t i .  S . T . .  1970. "The P l a s t i c  B e n d i n a  o f  T r a n s v e r s e l v  
A n i s t r o p i c  C i r c u l a r  P l a t e s , "  I n t e r n a E i o n a l  J o u r n a l  o? 
M e c h a n i c a l  S c i e n c e s ,  Vol. 1 2 ,  No. 1 ,  pp.  109-112. 
W e t h e r h o l d .  R.C., 1983.  " S t a t i s t i c s  of F r a c t u r e  o f  Com- 
p o s i t e  M a t e r i a l s  Under  M u l t i a x i a l  Load ing , "  Ph.D. D i s -  
s e r t a t i o n ,  U n i v e r s i t y  of D e l a w a r e ,  Newark, De laware .  
Wh i tney ,  J.M.. and Nu ismer ,  R.J., 1974,  " S t r e s s  F r a c -  
t u r e  C r i t e r i a  f o r  L a m i n a t e d  Comoos i tes  C o n t a i n i n a  
S t r e s s  C o n c e n t r a t i o n s . "  J o u r n a l ' o f  Comaosi t e  M a t G r i -  
- a l s .  Vol. 8 ,  No. 3, pp .  253-265.  
Wnuk, M . P . .  and K r i z .  R.D. .  1985.  "CDM Model o f  Damaqe 
A c c u m u l a t i o n  i n  L a m i n a t e d  Compos i tes , "  I n t e r n a t i o n a l  
J o u r n a l  of F r a c t u r e ,  Vol. 28 ,  No. 3 ,  pp.  121-138.  
Wu, E.M. ,  1968 ,  " F r a c t u r e  M e c h a n i c s  o f  A n i s o t r o p i c  
P l a t e s . "  C o m p o s i t e  M a t e r i a l s  Workshop, S . W .  T s a i ,  
J .C.  H a l p i n ,  and N.J.  Pagano, Eds., Technomic P u b l i c a -  
t i o n  Co . ,  I n c .  L a n c a s t e r .  P e n n s y l v a n i a ,  p p .  20-43. 
Wu. E . M . .  1974.  "Phenomeno loa ica l  A n i s o t r o o i c  F a i l u r e  
C r i t e r i o n , "  Mechan ics  of Compos i te  M a t e r i a l s ,  
G.P. S e n d e c k y j ,  Ed., (Compos i te  M a t e r i a l s ,  Vol .  2 ,  
L . J .  B rou tman .  E d . ) ,  Academic P r e s s .  New Y o r k .  
pp. 353-431. 
Yamada. S.E.. and  Sun, C . T . ,  1978.  " A n a l v s i s  o f  Lamina te  
S t r e n g t h  and I t s  D i s t r i b u t i o n , " ' J o u r n a j  o f  Compos i te  
M a t e r i a l s ,  Vol. 12 ,  No. 3 ,  pp .  275-284. 
Zhen, S . ,  1983,  "The D C r i t e r i o n  Theory  i n  No tched  Com- 
p o s i t e  M a t e r i a l s , "  J o u r n a l  o f  R e i n f o r c e d  P l a s t i c s  and 
Compos i tes ,  Vol. 2 ,  No. 2, pp .  98-110. 
Zweben, C. ,  and  Rosen. B.W., 1970,  "A  S t a t i s t i c a l  Theory  
o f  M a t e r i a l  S t r e n a t h  w i t h  A D D l i C a t i O n  t o  Comoos i te  
M a t e r i a l s , "  J o u r n a l  o f  t h e  Mechan ics  and P h y s i c s  o f  
S o l i d s ,  Vol. 18,  pp.  189-206. 
1 1  
INTENSE a - CHARACTERISTIC DIMENSION 
ENERGY REGION OF THE INTENSE ENERGY 
REGION 
Figure 1. - Semi-empirical model for circular hole showing assumed 
intense energy region. 
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Figure 2. - Forces and displacements in filaments in Hedgepeth's 
shear-lag model. 
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Figure 3. - Goree and Gross's shear-lag model showing matrix damage 
in the form of matrix yielding and matrix splitting 
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Figure 4. - Various assumed interface conditions for steady-state 
matrix cracking 
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Figure 5. - Three states of energy in deriving Budiansky, 
Hutchinson and Evan’s fracture model. 
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Figure 6. - Steady state matrix cracking assumed by Marshall, Cox, and 
Evans 
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(a) Initially cracked fiber and matrix. 
(b) Fiber and matrix after applying traction forces, T. 
Figure 7. - Expected crack geometry before and after application of 
fiber forces to evaluate closure pressure in stress intensity 
analysis. 
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(a) Single valued fiber strength. 
(b) Statistical variation in fiber strength. 
Figure 8. - Crack configurations analyzed assuming 
fiber breaks in the wake of the crack tip. 
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